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Abstract
Quadratic tachyon profile has been discussed in the boundary string field theory.
We here compute the g-function by factorizing the cylinder amplitude. The answer
is compared with the disc partition function. The boundary state is constructed. We
extend these computations to those of the boundary sine-Gordon model at the free
fermion point.
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The boundary string field (BSFT) theory[1] has been recently adopted for the analysis
of Sen’s tachyon condensation[2] both in bosonic and supersymmetric string theory. In the
bosonic BSFT the spacetime string action S is conjectured to satisfy [3]-[7]
∂S
∂λi
= Gij βˆj, (1)
where λi are the boundary coupling constants, Gij is their metric, and βˆi are the beta
functions. This differential equation for S has the same form as that conjectured for the
ground state degeneracy (g-function)[8] in statistical models. In fact the studies based on
this similarity have been progressed by several authors [4][9][10].
In this letter we consider the model in which the open string on-shell action is deformed
at the boundary by the quadratic term in X [1]. This model has been used in the evaluation
of the exact tachyon potential [5]-[7] and can be obtained as a limit of boundary sine-Gordon
(BSG) model. The Lagrangian of the BSG model is
S = 1
4πα′
∫
Σ
√
det η ηij ∂iX∂jX d
2σ +
∫
∂Σ
T (X) dy,
T (X) = ζ cos
(
2π
R
X
)
, (2)
where Σ is a worldsheet of open string, ηij is its metric, and ∂Σ is the boundary parameterized
by y. If the quantity λ = R2/4π2α′−1 is a non-negative integer, the model is exactly solvable
[11] and λ corresponds to the number of the species of the breathers. If we take the limit
R→∞ and let the parameter ζ scale appropriately, T (X) becomes a quadratic function of
X , namely, T (X) = a + uX2. Let us call this the boundary quadratic deformation (BQD)
model.
We evaluate the partition functions of the BQD model on a cylinder and a disc. The disc
partition function followed by the spacetime string action is already evaluated in ref.[1]. Our
main interest in this letter goes to the g-description. Thus we first calculate the cylinder
partition function and extract g by means of the finite size scaling. Because the BQD is a
specific case of the BSG model with R → ∞ limit, the direct calculation of the functional
determinant is more suitable than the thermodynamic Bethe ansatz (TBA) method[12] [13],
which includes breathers of an infinite number of species.
Secondly we construct the boundary state[14] on a disk which reproduces the known
partition function[1] and can be used to define the g-function on the disk. We will see that
S as a function of the boundary coupling constant on the disc has a pole at every minus
integer whereas g on the cylinder has a zero there.
Finally we consider the BSG model at the free fermion (FF) point, 4π2α′/R2 = 1/2. The
g-function of the FF model on a cylinder is obtained in refs.[13][15][17]. We evaluate its
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partition function on a disc by means of the fermionization method. We find a similar result
to the BQD case: g on the cylinder has a zero at every minus half-integer while the partition
function on the disc possesses a pole there.
Let us consider the BQD model on a cylinder and evaluate its partition function. We
remark that a similar analysis on an annulus can be found in ref.[19]. Let the length of
the cylinder be l and the radius be r. The temperature is identified with θ = 1/2πr. The
Lagrangian and the partition function of the BQD model are
L =
1
4πα′
[∫ l
0
dx(∂aX)
2 − vX(t, 0)2
]
(3)
and
Z =
∫
DX exp
(
−
∫ 2πr
0
Ldt
)
, (4)
respectively. The boundary condition at x = 0 is a mixed type:
∂xX + vX = 0. (5)
We impose the Dirichlet type condition at x = l and the periodic boundary condition in
t-direction. 1
Let us calculate the partition function in the Lagrange formalism. We expand the field
X as
X(t, x) =
∑
m∈Z
∑
j
Am,µjeimt/r sinµj(x− l), Am,µj = A−m,µj . (6)
Because we assume the periodic boundary condition in t-direction, m runs over integers. In x-
direction, we impose the mixed boundary condition (5), which gives the equation determining
µj:
µj = v tan(µjl). (7)
Therefore, the partition function becomes
Z ′ = Det′
−1/2
(−∂2t − ∂2x) =
(
(
∞∏
m=0
∏
j
)′
[
(m/r)2 + µ2j
])−1/2
. (8)
The complete partition function Z includes the contribution from the zero mode integration.
Applying the standard zeta-function regularization, we obtain
Z ′ =
∏
µj>0
(eπrµj − e−πrµj)−1. (9)
1This boundary condition is similar to but distinct from that of p− p′ open string with B-field [20][21].
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Let us define a function
f(p) = p− 1
l
tan−1
p
v
. (10)
If a certain µj satisfies (7), one can see f(µj) = πIj/l, where Ij is an integer. If vl > 1,
f(p) is a monotonically increasing function. Therefore, Ij+1 − Ij = 1. Let us introduce the
density function
ρ(µj) = lim
l→∞
1
l(µj+1 − µj) . (11)
In the limit l →∞, µj develops continuously in (0,∞). From the form of (10), we see
πρ(µ) = 1− 1
vl
1
1 + (µ/v)2
+O(l−2). (12)
Hence, the free energy is represented like
F ′/θ = − lnZ ′ =
∑
µj>0
[
πrµj + ln(1− e−2πrµj )
]
,
=
∫ ∞
0
[
πrµ+ ln(1− e−2πrµ)] lρ(µ)dµ. (13)
Let us recall the definition of g-factor in terms of the finite size scaling:
F = f0l − θ ln g +O(l−1). (14)
We conclude
ln g =
v
π
∫ ∞
0
dµ
µ2 + v2
ln(1− e−2πrµ)− ln√rv = ln
[ √
2π
Γ(u+ 1)
(u
e
)u]
, (15)
where u = rv. We have subtracted ln
√
rv, taking the zero mode integration into account.
In (15), taking the limits u → 0 (UV limit) and u → ∞ (IR limit), we see gUV/gIR = ∞.
This is consistent with the g-theorem[8]. We should remark here that from (15) g has zeros
at u = −1,−2, · · ·.
Let us consider BQD model on a disc D: 0 ≤ r ≤ c, 0 ≤ σ ≤ 2π, where c is the radius
of D. The action is
S = 1
4πα′
∫
D
√
det η ηijgµν∂iX
µ∂jX
ν d2σ +
1
4πα′
∫
∂D
(a+ uµνX
µXν) dσ, (16)
where we set σ1 = r and σ2 = σ. η
ij and gµν are the metrics of the world sheet D and the
spacetime, respectively, a and uµν are the coupling constants at the boundary. From the
action (16), we should impose the boundary condition on ∂D as
gµνr
∂
∂r
Xν + uµνX
ν
∣∣∣∣
r=c
= 0. (17)
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In ref.[1] the partition function of the BQD model is calculated on the disc with unit
radius, i.e. c = 1 with gµν = δµν and uµν = uµδµν . The result is
Z = e−a
∏
µ
Z1(uµ), Z1(u) =
√
ueγuΓ(u). (18)
Let us consider the partition function (18) in the closed string picture. For this sake, we
introduce the boundary state satisfying
〈B|
(
gµνr
∂
∂r
Xν + uµνX
ν
)∣∣∣∣
r=c
= 0. (19)
To determine the explicit form of 〈B|, we utilize the mode expansion of X in terms of the
complex coordinates, z = reiσ and z¯ = re−iσ:
Xµ(r, σ) = XµR(z) +X
µ
L(z¯),
XµR(z) =
1
2
Xµ0 −
iα′
2
pµ ln z + i
√
α′
2
∑
n 6=0
αµn
z−n
n
, (20)
XµL(z¯) =
1
2
Xµ0 −
iα′
2
pµ ln z¯ + i
√
α′
2
∑
n 6=0
α˜µn
z¯−n
n
with
[Xµ0 , p
ν] = igµν , [αµm, α
ν
n] = mg
µνδm+n,0, [α˜
µ
m, α˜
ν
n] = mg
µνδm+n,0, [α
µ
m, α˜
ν
n] = 0. (21)
With the above expression, let us seek for the boundary state of the following form
〈B| = 〈0| exp
(
−1
2
Xµ0AµνX
ν
0
)
exp
(
∞∑
m=1
α˜µmC
(m)
µν α
ν
m
)
, (22)
where 〈0| is the out vacuum state:
〈0|αµ−n = 〈0| α˜µ−n = 0 for n > 0. (23)
Upon setting gµν = δµν and uµν = uµδµν , we see that the boundary state (22) satisfies the
condition (19) if the parameters are
Aµν =
1
α′
uµ
1 + uµ ln c
δµν , C
(m)
µν = −
c−2m
m
m− uµ
m+ uµ
δµν . (24)
This boundary state (22) with (24) can be used in the calculation of the correlation
functions. For example, the two point function can be calculated as
2
α′
〈Xµ(z, z¯)Xν(w, w¯)〉 = 2
α′
〈B|Xµ(z, z¯)Xν(w, w¯) |0〉
〈B|0〉
=−δµν ln(|z − w|/c)2 − δµν ln |1− zw¯/c2|2
+δµν · 2
uµ
− 2δµνuµ
∞∑
m=1
1
m(m+ uµ)
[
(zw¯/c2)m + (z¯w/c2)m
]
, (25)
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which agrees with the result in ref.[1] by means of Green’s differential equation. Hence, the
boundary state (22) with (24) reproduces the disc partition function (18) precisely. The
partition function (18) and the spacetime action S(= iWZ) have poles at uµ = −1,−2, · · ·.
Finally let us evaluate the partition function of the BSG on a disk at the FF point,
namely,
SSG = 1
8π
∫
D
d2σ∂X∂¯X + ζ
∫
∂D
dσ cos
1
2
X, (26)
where we set α′ = 2. To execute the calculation, it is useful to apply the description in
terms of massless fermions [15]-[18] of the action (26). The fermionic action S consists of
four terms, S = S(0)free + S(1)free + S(0)int + S(1)int , where
S(0)free =
1
8π
∫ c
0
rdr
∫ 2π
0
dσ
[
ψ+∂¯ψ− + ψ−∂¯ψ+ − ψ¯+∂ψ¯− − ψ¯−∂ψ¯+
]
(27)
is a free fermion action in the bulk, and the boundary terms are
S(1)free = −
c
8π
∫ 2π
0
dσ
[
ψ+ψ¯+ + ψ−ψ¯−
]
, (28)
S(0)int =
1
2π
∫ 2π
0
dσa+∂σa−, (29)
S(1)int =
cζ
32π2
∫ 2π
0
dσ
[
eiσ/2(ψ+a− + a+ψ−) + e
−iσ/2(ψ¯−a+ + a−ψ¯+)
]
. (30)
We can obtain the equation of motion
∂¯ψ± = ∂ψ¯± = 0, (31)
and the boundary conditions
a+ = a− = e
iσ/2ψ+ − e−iσ/2ψ¯− = −eiσ/2ψ− + e−iσ/2ψ¯+ (32)
0 = ∂σ(e
−iσ/2ψ¯+ − eiσ/2ψ−)− B(e−iσ/2ψ¯− − eiσ/2ψ−), (33)
where dimensionless parameter is introduced, B = ζ2c/64π2.
Substituting (32) into (30), we obtain
− d
dζ
lnZ =
c
2
∫ 2π
0
dσ
[
eiσ/2(〈ψ+a−〉+ 〈a+ψ−〉) + e−iσ/2(〈ψ¯−a+〉+ 〈a−ψ¯+〉)
]
(34)
With the help of Green’s functions, we can calculate the partition function by integrating
(34). As a result, we should integrate
− d
dζ
lnZ = − lim
ǫ→0
1
πζ
∫ 2π
0
dσ
∞∑
k=0
k + 1/2
k + 1/2 +B
e−ikǫ. (35)
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The above quantity diverges as ǫ → 0, and thus needs regularization. If we subtract 1 −
B/(k + 1/2) in the summation, we obtain
− d
dζ
lnZreg = −B
2
πζ
∫ 2π
0
dσ
∞∑
k=0
1
(k + 1/2)(k + 1/2 +B)
. (36)
We can integrate (36) to yield
Zreg =
Γ(2B)
Γ(B)
=
22B−1√
π
Γ(B + 1/2), (37)
which has poles at B = −1/2,−3/2, · · ·. On the other hand, the g-function defined on a
cylinder is known[13][15][17] as
g =
√
2π
Γ(α + 1/2)
(α
e
)α
, (38)
where α = 32π2rζ2.
We finally point out again a curious reciprocal relation between the disc partition function
and the g-function extracted from the cylinder partition function, which is common to the
two examples considered in this letter. In the analytic coupling constant plane, the disc
partition function has integer spaced poles in the negative real axis whereas the g-function
possesses zeros precisely at these points.
Acknowledgments
The authors would like to thank T. Nakatsu and T. Suyama for helpful discussions. This
work is supported in part by the Grant-in-Aid for Scientific Research No.12640272 from the
Ministry of Education, Science and Culture, Japan. AF was partially supported by The
Yukawa Memorial Foundation.
References
[1] E. Witten, Phys. Rev. D46(1992)5467, hep-th/9208027; Phys. Rev. D47(1993)3405,
hep-th/9210065.
[2] A. Sen, Int. J. Mod. Phys. 14(1999)4061, hep-th/9902105.
[3] S. Shatashvili, Phys. Lett. B311(1993)83, hep-th/9303143; “On the problems with
background independence in string theory”, hep-th/9311177.
[4] J.A. Harvey, D. Kutasov and E. Martinec, “On the relevance of tachyons”,
hep-th/0003101.
–8–
[5] A.A. Gerasimov and S.L. Shatashvili, JHEP 0010(2000)034, hep-th/0009103.
[6] D. Kutasov, M. Marin˜o and G. Moore, JHEP 0010(2000)045, hep-th/0009148.
[7] A.A. Tseytlin, “Sigma model approach to string field theory effective actions with
tachyons”, To appear in special issue of J.Math.Phys. on Strings, Branes and M Theory,
hep-th/0011033.
[8] I. Affleck and A.W. Ludwig, Phys. Rev. Lett. 67(1991)161; Phys. Rev. B48(1993)7297.
[9] J.A. Harvey, S. Kachru, G. Moore and E. Silverstein, JHEP 0003(2000)001,
hep-th/9909072.
[10] A. Fujii and H. Itoyama, Phys. Rev. Lett. 86(2001)5235, hep-th/0012150.
[11] I.V. Cherednik, Theo. Math. Phys. 61(1984)977; S. Ghoshal and A.B. Zamolodchikov,
Int. J. Mod. Phys. A9(1994)3841, hep-th/9306002.
[12] P. Fendley, H. Saleur and N.P. Warner, Nucl. Phys. B430(1994)577, hep-th/9406125.
[13] A. LeClair, G. Mussardo, H. Saleur and S. Skorik, Nucl. Phys. B453(1995)581,
hep-th/9503227.
[14] C.G. Callan, C. Lovelace, C.R. Nappi and S.A. Yost, Nucl. Phys. B288 (1987) 525;
A. Abouelsaood, C.G. Callan, C.R. Nappi and S.A. Yost, Nucl. Phys. B280 (1987) 599;
E.S. Fradkin and A.A. Tseytlin, Phys. Lett. 163B (1985) 123.
[15] R. Chatterjee, Mod. Phys. Lett. A10(1995)973, hep-th/9412169.
[16] M. Ameduri, R. Konik and A. LeClair, Phys. Lett. B354(1995)376, hep-th/9503088.
[17] R.M. Konik, “Massless boundary sine-Gordon at the free fermion point: correlation and
partition functions with applications to quantum wires”, hep-th/9507053.
[18] L. Mezincescu and R.I. Nepomechie, ”Integrals of motion for the sine-Gordon model
with boundary at the free Fermion point” in Unified Symmetry: In the Small and in the
Large 2, ed. by B. Kursunoglu, S. Mintz and A. Perlmutter, Plenum Publishing Co.,
213 - 219 (1995).
[19] T. Suyama, “Tachyon condensation and spectrum of strings on D-branes”,
hep-th/0102192; K. Bardakci and A. Konechny, “Tachyon condensation in bound-
ary string field theory at one loop”, hep-th/0105098; T. Lee, “Tachyon condensation,
boundary state and noncommutative solitons”, hep-th/0105115.
–9–
[20] N. Seiberg and E. Witten, JHEP 9812(1998)008, hep-th/9908142.
[21] B. Chen, H. Itoyama, T. Matsuo and K. Murakami, Nucl. Phys. B576(2000)177,
hep-th/9910263; Nucl. Phys. B593(2001)505, hep-th/0005283; “Correspondence be-
tween noncommutative soliton and open string/D-brane system via Gaussian damping
factor”, hep-th/0010066.
